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Abstract

We consider a stochastic factor model that is robust against model ambigu-
ity by taking into account a whole class of possible prior probabilistic models.
Our objective is the long term minimization of robust downside risk, defined as
the worst-case probability that the portfolio’s growth rate falls below a given
target. The asymptotic formulation leads to a large deviations control problem
for capacities. By duality this problem is related to the optimal growth rates
of robust expected power utility with negative risk aversion parameters. Our
main results characterize these dual growth rates in terms of ergodic Bellman
equations and establish a duality relation between the primal problem and the
asymptotics of robust expected power utility.
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1 Introduction

The classical literature on optimal investment decisions in a financial market usually
involves the maximization of a utility functional. Utility maximization, however, is
conceptually related to specific numerical representations of the investor’s preferences;
see, e. g., Follmer, Schied and Weber [13] and the references therein. For institutional
managers utility maximization thus creates severe difficulties. On the one hand, the
preferences of their customers and the corresponding numerical representations are not
really known exactly. On the other hand, the individual preferences of the managers
and of the various customers with shares in the same investment fund will typically be
different. This suggests to look for an “intersubjective” criterion for optimal portfolio
management which is acceptable for a large variety of investors.

Such an alternative consists in evaluating the performance of the portfolio relative
to a given benchmark such as a stock index. From the viewpoint of risk manage-
ment it is of particular importance to control the hazard of underperforming a given
benchmark. In this paper, we propose a criterion of this type for optimal portfolio
management that
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e allows for model ambiguity
e and takes a long term view.

Here the investor has in mind a collection Q of possible probability distributions of
market events and takes a worst-case approach to cope with model ambiguity. His goal
is the minimization of robust “downside” risk for a long term horizon T, defined as the
worst-case probability that the portfolio’s growth rate L7, falls below a target ¢ € R.
In the spirit of large deviations theory the asymptotic problem can be formulated as

minimizing  lim & In sup QLT < ¢] among all investment strategies 7. (1)
TToo QeQ

A benchmark criterion of this form may be acceptable for a large variety of investors
as long as they agree on the choice of the class @ and the level of satisfaction ¢, and it
may thus be of particular interest for institutional managers with long term horizon,
such as mutual fund managers. The asymptotic formulation has the advantage of
allowing for stationary optimal policies and is typically more tractable. Moreover,
the asymptotic ansatz may provide useful insight for investment decisions with long
but finite maturity.

For a specific model ), the non-robust version of problem has been suggested
by Pham [29] as a supplement to his long term outperformance criterion:

maximize :II}TTn FInQ[LT > ] among all investment strategies . (2)
o0

The solution to (2)) (see [29], Theorem 3.1) is derived in general form by large de-
viations arguments, similar to the Gértner-Ellis theorem (see, e.g., [5], Theorem
2.3.6). The dual problem leads to a risk-sensitive control problem and can be seen
as asymptotic maximization of expected power utility with positive parameters. For
a discussion within specific financial market models we refer to Hata and Iida [I7],
Hata and Sekine [19], and Sekine [33]. For minimizing down-side risk, Pham only
gave a heuristic sketch. A rigorous solution via duality was obtained first by Hata,
Nagai and Sheu [I8] for a linear Gaussian factor model. We are going to adapt their
method to a non-linear stochastic factor model and to the robust large deviations
control problem . In that case, the dual problem involves the optimal growth rates
of robust expected power utility with negative risk aversion parameters.

The paper is organized as follows: Section [2| describes the model, formulates the
problem, and develops the duality ansatz for the asymptotic minimization of robust
downside risk. The first step is to analyze the asymptotics of robust expected power
utility with negative parameter. In Section [3| we tackle this dual problem by combin-
ing the duality approach to robust utility maximization with dynamic programming
methods for a varying time horizon. Section [d] contains our duality results for the
“robust” large deviations criterion. In Section [§] we illustrate our results with two
examples, where explicit solutions can be derived: a Black-Scholes model with un-
certain drift and a geometric Ornstein-Uhlenbeck model with uncertain rate of mean
reversion.

2 The model and problem formulation

We consider a financial market model with infinite time horizon consisting of two
liquidly tradable primary products: one locally riskless asset (money market ac-
count) and one risky asset (stock). Their respective price processes S° = (S9);>0



and S* = (5});>0 are defined on the canonical path space (0, F, (F;)i>0, Qo) of a
two-dimensional Wiener process W = (W}, W?2);>0, and they are assumed to be
affected by an external “economic factor” process ¥ = (Y;);>0, driven by W. The
spectrum of possible factors includes dividend yields, short-term interest rates, price-
earning ratios, yields on various bonds, the rate of inflation, etc.. In this financial
market, an investor faces model uncertainty, or model ambiguity, in the sense that the
dynamics of both the price processes S°, S and the factor process Y are not precisely
known. This model ambiguity will be taken into account by admitting an entire class
Q of probabilistic models, viewed as perturbations of the following reference model
Qo- Under Qg the price process of the risky asset evolves according to the SDE

dS} = SHm(Yy) dt + o dW}), (3)
and the dynamics of the locally riskless asset is given by
ds? = Sr(v;)dt, Sy =1.
Thus the market price of risk is defined via the function

O(y) := ") (4)

g

The economic factor processes is modeled by the SDE
dYy = g(Ya) dt + pdW, = g(Y;) dt + py dW}! + pa dW7. (5)

We suppose that the factor process cannot be traded directly, hence the market model
is typically incomplete. Such market models are very popular in mathematical finance
and economics; see, e. g., [14], [6], [4], and the references therein.

Throughout this paper, we impose the following general assumptions on the coef-
ficients of the diffusions:

Assumption 2.1. The short rate function r belongs to CZ(R), and g, m admit deriva-
tives g,,m, € CL(R), where CF(R) denotes the class of all bounded functions with
bounded derivatives up to order k. Moreover, we assume that o, ||p|| > 0.

Here || - || denotes the Euclidian norm in R?, and we will use (-,-) to indicate the
associated inner product. In particular, Assumption ensures that g and 6 grow at
most linearly.

In reality, however, the “true” price dynamics is not really known exactly; in par-
ticular the drift terms appearing in (3) and (5] are subject to model ambiguity. To
cope with the uncertainty in the choice of the drifts, we consider the parameterized
class of possible probabilistic models

Q:={Q"n = (m)>0 € C}, (6)

on (Q,F), where C denotes the set of all progressively measurable processes n =
(m¢)e>0 such that n, = (nit, ni2, ', n??) belongs dt ® Qp-a. e. to some fixed compact
and convex set I' C R* which contains the origin. More precisely, for n € C and any
fixed horizon T, the restriction of Q" to the o-field Fr is specified by the Radon-
Nikodym density

n ’ . .
Dy = Z%o ‘FT = 5(/0 n Yy +np dWy)r (7)

with respect to the reference measure g. Here £(-) is the It6 exponential. In particu-
lar, we have Qo € Q, and any measure Q" € Q is locally equivalent to QQg. Moreover,



it follows as in [20], Lemma 3.1, that the set Q is convex. By Girsanov’s theorem, the
processes S', Y evolve under Q" according to the SDEs

dY; = [g(V2) + (p,ni Vs + 0} )] dt + pdW), (8a)
dSi = S}H(m(Yz) + o (Y, + it dt + o AW, (8b)

where W" is a two-dimensional Q"7-Wiener process. Each model Q7 € Q thus corre-
sponds to an affine perturbation of the drifts in our reference model )g. Special cases
of the present “robust” market model are the Black-Scholes model with uncertain drift
and a geometric Ornstein- Uhlenbeck model with uncertain rate of mean reversion; see
Section

Let us now describe our benchmark approach to optimal long term investment in
the face of model ambiguity: We consider an investor with initial capital zg > 0 who
wants to invest at any time ¢ a proportion m; of the current wealth X7 into the risky
asset S1. The remaining wealth (1 — m;) X[ is always put into the money market
account S°. Then his wealth generated by the trading strategy m = (m)¢>0 evolves
according to the SDE

1 0
dXT = X[ (met + (1= 7) 5¢)

= X7 (r(Yy) dt + mo[(0(Y2) + nf'Y; + n2Y) dt + dWE) (9)

with initial condition X = z¢. In other words, the restructuring of the portfolio is
self-financing in the sense that any change in the portfolio value equals the profit or loss
due to changes in the asset prices. For convenience we omit the explicit dependence
of X™ on the initial capital xg, since it will be irrelevant for our purpose of long
term investment. We say that a progressively measurable process 7 is admissible
up to maturity T if @ admits a unique, strong, and almost surely positive solution
(X7 )tecjo,r)- A strategy 7 will be called admissible if it is admissible for all 7' > 0.
We shall denote by A7 the class of all T-admissible strategies 7, and by A the class
of all strategies which are admissible.

We suppose that the investor has in mind a level of return ¢ and wants to avoid
that the portfolio’s growth rate

LT = #In X7}

1
T
falls below the threshold c¢ in the long run, at least with maximal probability. But
instead of a fixed probabilistic model the investor takes into account the whole class Q
in @ and chooses a worst-case approach to evaluate the probability that his portfolio
underperforms a virtual savings account with interest rate c. For a finite horizon T,
this corresponds to

minimizing  sup Q"[L] <¢| among all w € A7. (10)
QMeQ

But what happens in the long run? If the growth rates L7 satisfy under Q" € Q a
large deviations principle with rate function I™, then Q"[LT. < ¢] = exp(—I"(c)T') as
T T oo. Clearly, the larger is I™(c), the more chance there is of realizing a growth
rate L7, above ¢ asymptotically. The long term view thus amounts to maximizing the
rates I (c), or equivalently to

minimizing  lim +InQ"[L} < ¢] among all 7 € A. (11)
TToo



This suggests the following asymptotic formulation of the robust problem ((10):

minimize lim 4 1n sup Q"[L} <c¢| amongall m € A. (12)
TToo Qe

The asymptotic solution should provide good insight for the optimal investment cri-
terion with long but finite horizon. From a mathematical point of view,
can be seen as large deviations control problem for the capacity supg.ecgo Q"[]; see,
e.g., Hu [21I] and Gao [I5] for recent extensions of Cramér’s and Sanov’s theorem to
capacities.

Its non-robust version has been proposed by Pham [29], Section 6, as a
counterpart to his outperformance criterion . He suggests that a solution can be
derived as follows: Suppose that the logarithmic moment generating function

Agn(A, ) = %i%go L In Ega[e?E7)

of the process L™ fulfills the conditions required by the Géartner-Ellis theorem; see,
e.g., [5], Theorem 2.3.6. Then (LT )r>¢ satisfies a large deviations principle, and the
large deviations probability of downside risk with respect to 7 should be measured
by the Fenchel-Legendre transform of the function Agn (-, m):

lim £ InQ"[L} < c] = —sup{ic — Agn(\, m)}.
TToo A

Taking the infimum among all m € A, it is thus natural to expect that the rate

Jon(c) = gga%%an"[[/} <, ceR, (13)

is described by the Fenchel-Legendre transform A, (c) := supy{Ac — Agn(\)} of

Agn(A):= nf %1%0 L In Ega[eME7].

However, Pham provided only heuristic arguments. His conjecture has been verified
by Hata, Nagai and Sheu [I8] in the special case of a linear Gaussian factor model.

In this paper, we are going to extend their results to the robust case and to a
stochastic factor model with non-linear coefficients. For this purpose, we denote the
optimal rate of decay for robust downside risk by

J(c):= inf lim £ 1In sup Q"[L} <], c€R. (14)
TE€A T o0 QeQ

In spirit of the Géartner-Ellis theorem, our main result will state a duality relation
between the value function J and the rates

A(A) = inf lim £1n sup Egqn [ATET), (15)
‘ﬂ'EATToo QMEQ

For this purpose, we consider the Fenchel-Legendre transform

A (e) == iti%{)\c — AN}, ceR, (16)

that is convex, nonincreasing, and lower-semicontinuous on R.

Proposition 2.1. For any c € R, J(c) < —A*(c).



Proof. For all m € A, Q" € Q, and A < 0 Tchebychev’s inequality yields
Qn[Lg < C} _ Qn[eATL;E > e)\Tc] < efATcEQn [eATL}}'

Using the definitions of J and A(\) we thus see that J(c) < —Ac+A(X) for any A < 0.
This gives the upper bound J(c) < —supy_o{Ac — AN} = —A"(¢). O

We are going to show that also the converse inequality holds, and this will establish
e the duality relation J = —A*.
Moreover, we are going to identify
e an optimal investment strategy ¢ € A
o and a worst-case model Q’A’c € Q

for the asymptotic minimization of robust downside risk , i.e.,

J(e) = lim zIn sup Q"[LF < = lim 7 mQT [LF <] = Jgue(0).
TToo Qe TToo

For this purpose, we proceed in three steps:

Step 1: The duality approach requires to compute the rates A(A), A < 0. To this end,
we use that
A(N) = inf lim +1In sup Egs[(X])] (17)
€A TT00 QneQ
can be interpreted as the optimal growth rate of robust expected power utility u(z) =
%x)‘ with risk aversion parameter A < 0. More precisely, a priori estimates and case
studies suggest that the distance between the maximal robust utility

U) = inf Eon[u(X7)] =1 inf Eon[(XM)M <0 18
(o) ﬂseuj)TngleQ Q [u(X7T)] /\“g}‘lTQS’}lepQ Q (XT)'] < (18)

and its upper bound 0 will decrease exponentially as T' T co. Instead of analyzing the
finite horizon problem directly, it is natural to study its asymptotic version and
to compute

e the optimal rate of exponential decay A(X) in 7
e an optimal long term investment strategy 7*(A) € A,
e and an asymptotic worst-case model Q" N € Q

for robust utility maximization. These asymptotic results are of intrinsic interest
for utility maximizers with long but finite horizon, see, e.g., [2], [§], [10], [16] for a
discussion in the non-robust case. Here they will be crucial to set up the duality
approach. The analysis is carried out in Section [3]

Step 2: We study the non-robust version of for specific measures Q" € Q and
establish the duality relation

Jon = —Agn(c) = —sup{Ae — Agn (M) }.
A<0

In particular, this analysis extends the results in [I8] to a stochastic factor model with
nonlinear coefficients.

Step 3: Finally, we are going to identify a model Q7" = Q7 A\l ¢ Q such that
A™(c) = Agae(c). Step 2 then implies J(c) > Jgae(c) = —Agae(c) = —A"(c). By
Proposition this yields the duality formula J = —A™.



3 Optimal growth rates of robust expected power
utility

We first analyze the asymptotics of robust expected power utility with parameter
A < 0. Conceptually the dual saddle point problem would lead to a stochastic
differential game on an infinite time horizon. Inspired by the papers [31], [20] on
robust utility maxization problems with finite horizon we develop an alternative ap-
proach: The main idea consists in combining the duality approach to robust utility
mazximization (see, e.g., [30], [32], [12]) with methods from risk-sensitive control (see,
e.g., [2, B, [8, [9, [10], [25], [28]). Our main results will characterize the optimal
growth rate A()\), an asymptotic worst-case model Q" WM and an optimal long term
investment strategy 7*(\) in terms of an ergodic Bellman equation. As a byproduct,
the duality approach also characterizes the exponential decay of the maximal robust
utility U (o) as T T co. This method is also used in [24] to describe the asymptotics
of robust power utility with parameter A € (0,1). To give a self-contained presenta-
tion, we sketch the main ideas, but refer to [23] whenever the argument is essentially
the same as in the case A € (0,1).

3.1 Duality methods for robust utility maximization

In order to transform the primal saddle-point problem into a simpler minimiza-
tion problem on the dual side, we use the duality approach to robust utility maxi-
mization. Our exposition is based on Schied and Wu [32] for utility functions u on
the positive halfline.

Let us denote by v(y) = sup,~o{u(z) — 2y}, y > 0, the convex conjugate function
of u, and consider the dual value function

O . 0
Vr(y) = inf inf Eolo(yYr/St)l, y >0, (19)

for the finite horizon problem , defined in terms of the class of supermartingales
Ve = {Y >0]Yy=1&Vr e Ar: (}QXf/S?)tST is a Q-supermartingale}.

Note that ij contains the density processes (taken with respect to @ and the numéraire
SY) of the class Pr of all equivalent local martingale measures on (£, Fr). For a
power utility function u(xz) = A~'a*, the convex conjugate function takes the form
v(y) = -84, B:= ﬁ We thus have the scaling property Vo (y) = y°Vr(1), and
it follows from [32], Theorem 2.2, that the primal value function is given by the
duality formula

Uz (z0) = inf {Vr(y) + woy} = 325(=6Vr(1))' . (20)
Moreover, [32], Theorem 2.6, shows that

Vr(1) = inf inf Eglv(4|e./ST)). 21
r(1) = inf int Eolo(45]7,/5%)] (21)
In order to apply dynamic programming techniques to the dual problem, we param-
eterize the sets y? and Pr by additional controls v. First, it is easy to see that the
density process of any martingale measure P € Pp with respect to Qo takes the form

U;goyﬂ =7V .= 5(—/0 e(}g)dwj—/o v, dW2), (22)




for some progressively measurable process v such that fOT v2ds < 0o Qp-a.s.. Con-
versely, for any bounded process v the Radon-Nikodym density Z} defines an equiv-
alent local martingale measure on (Q, Fr). Up to any finite horizon T our market
model thus admits a whole class of equivalent local martingale measures, and so its
restriction to a finite horizon is arbitrage-free and incomplete. Second, if

M = {v = (v)i>0|V progressively measurable with fOT vidt < oo Qo-a.s., VT > 0},

then every v € M defines a positive QQp-supermartingale Z” via . Using It6’s
formula one easily shows that (D7)~1Z¥X7 /S is a positive local martingale under
Q" for any v € M and m € Ar, and hence a Q"-supermartingale. Combining these
facts we obtain

(42| i<r [P € Pr} € {(D)) 12 i<l € M} C V.

In view of , and this inclusion and a change of measure finally yield the
duality formula

A 1

Up(xo) = 525 (sup sup Eq,[(Z7.(S7) ") AT (Dp)T=3])! > (23)
neC veM

whose right-hand side involves the maximization among the controlsn € C and v € M.

3.2 Dynamic programming methods

In a second step, we translate into a standard control problem and derive heuris-
tically an ergodic Bellman equation for the optimal growth rate A(A) by applying
dynamic programming methods to the dual maximization problem. Since Z%, D7,
and the bond price S% depend on the factor process Y, the expectation at the right-
hand side of is a function of the initial state Yy = y, and we thus write

A 1
VA, T) = Eq,[(Zy(Sp)"H)A-1(D7)TX], nelveM. (24)
Inserting the explicit representations of Z%, D7 and S%., it follows that

VA, v,y,T) = Egy [EXelo 1mveYo) i) (25)

where the function ! : (—00,0) x I' x R x R — R_ is given by

I vy) = 5o [0) + 0ty +0*1)° + (v + 0%y +0*)°] + 2xr(y) - (26)

and
EFY = E(1=( / AO(Y) + Yy + gt dW + / vy + 0 2Y, + 0% dWE)) 7.
0 0

To eliminate the It6 exponential £F" in the expression for V(A n,v,y,T), it will be
interpreted as the density of a new probability measure R"" on (2, Fr). Clearly, this
requires the martingale condition Eq,[E;7"] = 1 which may be violated for arbitrary
v € M. However, later on it will be enough to focus on nice controls v such that this
interpretation is indeed justified. Using this change of measure, we obtain

V()‘a vy, T) = Egnv [efoT e 1) dt] : (27)



By Girsanov’s theorem, the dynamics of the factor process (Y;);<r under R™” is
determined by the SDE

dYy = h(\ ne, vy, Yy) dt + pdW,P". (28)

Here W™" is a two-dimensional R”-Wiener process, and the function h is defined
by

hAm,v,9) = g(y) + 25 (M0(y) + 0ty + 02 + 250w+ 0Py +07). (29)
Combining (23), and now allows us to deduce that
Up(z0) = xzgv(y, T)' ™, (30)

where
v(y,T) := sup sup ERn,u[efoTl(/\’"“”"yt)dt]
neC veM

denotes the value function of the finite horizon optimization problem on the dual side
of . Such an “expected exponential of integral cost criterion” with a dynamics
of the form is standard in stochastic control theory; see, e.g., [II], Remark
IV.3.3. As a result, the value function v can be characterized as the solution to the
Hamilton-Jacobi-Bellman (HIB) equation

vy = %||p||2vyy + Szgsgg{l()\, n,v, v+ h(\n,v,-)vy}t, v(-,0) =1 (31)
nel' v

The discussion in Step 1 (cf. p. @ and now suggest that the optimal growth
rate A(A) in satisfies

AQ) = lim A In[U3(0)] = lim & In(u(y, T)' ).
TToo TToo

This motivates the heuristic Ansatz (cf. Fleming and McEneaney [7])
(1= A\ Inv(y, T) = n |Up(z0)| = ANT + @(X,y) (32)

i.e., a formal separation of time and space variables. Using this separation to compute
the partial derivatives in , we obtain an ergodic Bellman equation (EBE) (see, e. g.,
1, [22], [27], and the references therein) for the pair (A(X), (A, -)):

nel' ve
In the next step, we are going to identify heuristically a candidate for the optimal
long term investment process 7*(\). To this end, let us assume that the EBE (33))
has a solution A(\) € R_, (), ) € C?(R). Since the maximizer v*(\,n,y) among all
v € R can be computed explicitly as

v, y) = ="y —n*% — oy (X, y)pa, (34)

the EBE actually involves only a supremum among the set I". Suppose that
7*(A, y) is a maximizer in 7 let Q7" (M) € Q be the probabilistic model correspond-
ing to the feedback control nf(\) = 1*(\,Y;), and suppose that Q7 ) € Q is a
worst-case model in the asymptotic sense that

AQ) = lim Fn[UGo)| = Jim Fln inf Boreo (X)) (35)



Later on we will show that this assumption is indeed justified. We are now going
to introduce a change of measure which will allow us to interpret the finite time
minimization problem at the right-hand side of as an exponential of integral
criterion. To this end, note that for any = € A the unique strong solution to @ takes
the form

* * * 1
X5 = wgedo Mo WS [T (V) e (0040 Yt ()~ g o do

In terms of the function
T, 7,0, 9) = A = D)o + Aald(y) + 0ty + 727 + Mr(y) (36)

and of the probability measure R™ on (2, Fr) defined by the Radon-Nikodym density

oo |y = g(/o. Amio dW, " )z,
the expectation at the right-hand side of can thus be rewritten as
Egn-o [(XF)*] = 0 Eg= [ef“TT(Am’"*(A’n)’n)dt]~
By Girsanov’s theorem, the factor process (Y;)i<r evolves under R™ according to
dY; = h(\, 7,0} (N), Y3) dt + pd W[, (37)
where W7 is a one-dimensional Wiener process W7, and the function h is defined by

RO, y) = g(y) + (pon"y +07) + Apro. (38)

We thus see that the finite horizon maximization problem appearing in the right-hand
side of can be viewed as a finite horizon control problem with value function

5y, T) = inf Egun [(XF) =2 inf Ege[els [Omon" QY0 v dy
TEAT TEAT

and with dynamics . In analogy to v is expected to satisfy the HJB equation

Our Ansatz combined with for the worst-case measure Q" (») now motivates
the heuristic Ansatz Inv(y,T) = AN)T + ¢(A,y). Inserting this asymptotic identity
into 7 we derive an alternative version of the EBE:

AR = glolP[oyy (A ) + @5 (A )] + 712%{'[(,\%77*, )+ @y (A R ", )} (40)

Note that the role played by the controls n and v in is now taken over by the
“trading strategies” m. We expect that the minimizing function

(N y) = 15 Loy (N y)pr + 0(y) + 0" (N y)y + '\ ). (41)

in provides an optimal feedback control 7;(A) = 7*(\,Y}), t > 0, for the asymp-
totic maximization of power utility with respect to the specific model Q7 M and at
the same time for the original robust problem .

10



3.3 Verification theorems

Let us first show that the value ]\()\) given by a specific solution to the EBE (33)
decribes indeed the exponential decay of the maximal robust utility |Up(zo)| as T
tends to infinity. For this purpose, we introduce

Assumption 3.1. There exists a solution A(\) € R_, p(),-) € C*(R) to the EBE

AN = HlpllPleyy + 15502 + sggsgﬁ{(l — NI, v,) + eyh(Nn,v, )} (42)
nel v

which fulfills the following regularity conditions:
a) lpy(Ny)| < C1(N)(A + [y))
b) For the function k defined by

R0, y) = 9(y)+ 2501 (0) +0' y+2) + (o, 0 y+07) + 5 o1+ 030y (A )
there exist constants Co(X), C3(A\) > 0 such that
yr(\n,y) < —Co(N)y? + C3(N)  foralln €T, (43)
c) Let R" be the probability measure such that'Y evolves according to the SDE
dY; = k(X0 Yy) dt + pd W}, (44)

where W' is a two-dimensional Wiener process under R". Then

lim + Insup Eg, [e ¢ YT)] = 0, (45)
TToo nec

The main challenge is to derive the existence of such a regular solution. Existence
results for EBEs (see, e.g., [I], [27], [22], and the references therein) do not cover
in its general form. On the other hand, there may exist multiple solutions
(A(N), (A, +)) (see, e.g., Subsection , even beyond the fact that ¢ is determined
only except for an additive constant. However, the verification theorems will require
a “uniform ergodicity condition” such as c¢), and this condition selects the “good
candidate” for the optimal growth rate A()). In this paper we do not try to study
the existence problem rigorously. Instead we will discuss in Section [5] three examples
which allow for a regular solution in the sense of Assumption 3.1

Theorem 3.1. Under Assumption[3.1] it follows that

A = Jim £ In(sup sup V(A 7, v, yo, T)' ™) for any Yy = yo. (46)
oo necC v

The suprema are attained for controls nf(A) := n*(\,Y), vi(\) = v*(\,Y:), t > 0,
defined in terms of a measurable T'-valued function n*(X,-) and the function

v (A y) = =0y — 1P (N y) — ey(Ay)pe
which realize the suprema in the EBE @ This means that
AN = Jim LV (N, v (\), 50, T) (47)

In particular, the duality methods for robust utility maximization imply that

. . ) i
AN = ThTrgglo £ In |Up(z0)| = 7111Tr()£1O +1In |U;§’Qn (xo)| for any X[ = xo. (48)
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Proof. 1) To keep the notation as simple as possible, the dependence on the fixed
parameter A < 0 will be mostly suppressed throughout this proof. We are first going
to show that the value A(A) provides an upper bound for the rate of exponential decay
of |[U(wo)|- To this end, we use the duality relation (cf. )

Up(xo) = +ay sup sup V(n,v,y, T) ™, (49)
neC veM

derive suitable upper bounds for any fixed horizon 7', and then pass to the limit.
Moreover, [20], Lemma 3.2, guarantees that, for all controls n € C,

sup V(n,v,y,T) = sup V(n,v,y,T), (50)
vEM veMO

where M° := {v € MVT > 0 : fOT vZdt is Qo-a.s. bounded}. This allows us to
concentrate on a subset of nice controls v for which all subsequent Girsanov transfor-
mations are valid. Let us fix controls n € C, v € M, and let T be a given maturity.

Due to , we have
V(777 V,Y0, T) = Egrnv [efoT L(ne,ve,Ye) dt]7

where [ is given by (26), and where the probability measure R"" is defined on (£, Fr)
by the It6 exponential £77%; cf. p. By Girsanov’s theorem, the dynamics of the
factor process Y under R™" takes the form

dYy = h(ne, v, Yz) dt + pdW""

for the function h defined by and for a two-dimensional R""-Wiener process
WY, To eliminate later on the control v in the dynamics of Y, we define

v, v, y) = (L= NI, v,y) + ey (y)h(n, v, y) — sgg{(l =N, v, y) + oy (y)h(n,v,y)}.

This auxiliary function v < 0 can be rewritten in the condensed form
v vyy) = 525 (v — v (,))? (51)
by inserting the maximizer v*(n,y) in . In terms of v the EBE yields
AR = 5lp1Pleyy + tEx9y] + (L= N, v,) + oyhl(n,v,) = v(n,v-). (52)

Ito’s formula applied to (), ) € C?(R) combined with this inequality then implies

o(Yr) — plyo) = / (00 (Y, Y2) + Lol Py (Ye)) di + / oy (Vo) p AW

T
S/ (AN = 35 llp1P05 (Ya) +~(nes v, Ye) = (1= N, v, V) dit
0

T
+/ oy (Ye)pdW,"".
0

Dividing through 1 — A, rearranging the terms, and taking the exponential on both
sides, we thus derive the inequality

V(na v, yO7T) =Fgnwv [efoTl(Avnt,»l/t,Yt)dt} (53)
=X (@ - ; Vi, Xt ’ f v
< B [ ToX BT 0) eV e Yo dt) g / 2200 G 7).

0

12



To eliminate the It6 exponential £(-)r, we use the change of measure

dR""
dR7v

. — g(/o Wy(Yr de?? u) )

By Girsanov’s theorem, the dynamics of Y under R™ is governed by the SDE
dYy = [h(m, v, V) + 125 llplPey (V)] dt + pd W,

where W"" is a two-dimensional Wiener process under R™. But this dynamics still
depends on the irrepressible control v. To remove this dependence, we define the
probability measure R" on (€, Fr) in terms of the Radon-Nikodym density

dR"
dRT/,V

' * —2.n,V
= 5(/0 ﬁ(l/ (e, Vi) — ) AW, K ).

Using again Girsanov’s theorem, we see that Y evolves under R"7 according to

Yy = [, v* (0, Y2), Y2) + 25 llplP 0y (Vo)) dt + pdWV
= i(ne, Vi) dt + pdW;'. (54)

Here W7 is a two-dimensional R7-Wiener process, and the drift function x defined in
Assumption [3.1b) does no longer depend on v. Together these measure transforma-
tions translate (53] into the estimate

V(T] V, Yo T) < Eﬁnuf[Gﬁ(A()‘)TJﬂP(yO)*‘P(YT)JFfOT ’y(m,ut,Yt)dt)]
B [eﬁmu)ﬂw(w)w(wwﬁ A Y) dt) g™

F (55)

Fol

To eliminate the density dR" / dR" |7, we define p := 2= > 1 and apply Holder’s
inequality with 1/p + 1/q = 1 to the right-hand side of (55). This yields

)\ (]\(/\)TJFLP(yO)*LP(YT))} 1/ap . I( drR"")

1
T Jo 101w Y) dt)p]l/p
dR(m ’

V(T],V,yo,T) < Ep

ale .

But in view of and our choice of p we see that

UNg _1 e Yy) dt p
(d;%n |}_T617)\ Jo v(n ) ) _ 5(/011)k>\( (nt;}/t) _ I/t)dW2 77)

Since the It6 exponential is a martingale up to time 7', it follows that

1
V(n,v,y0,T) < 61*/\(A(/\)T+¢(y0))E1§n [e=?OTI/I=A forally e C,v e MO,

Recall now that the factor process Y admits under R" the dynamics l) Thus our
Assumption [3.1|c) ensures that

lim 7 In(sup sup V(n,v,4,T)' ) < A(N).
TToo neC ve MO

Taking also into account , this finally yields the upper bound in

lim  In(sup sup V(n,v,50, 7)) < A(N). (56)
TToo neCveM
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2) To establish equality in we identify controls n* € C and v* € M such that

AQ) = Jm 7V, v",y, 7). (57)

Since [, h and the maximizing function v*(-,y) (cf. (34))) are continuous with respect
ton and I' C R* is compact, there exists

n*(y) € argérrlax{(l = N, v (0, 9),y) + oy (@h(n, v (n,v),y)}

which by a measurable selection argument can be chosen as a measurable function
n* on R. Let us write v*(y) := v*(n*(y),y), and let n*, v* be the feedback controls
defined by nf :=n*(Yy), v == v*(¥:), t > 0. Then n* belongs to C, and it is easy to
show that v* € M. Moreover, inserting n*(y), v*(y) we obtaln yn*(y), v*(y),y) =
0, equality holds in , and the probability measure R’ coincides with R"".
Proceeding as in part 1) (cf. (55)), it thus follows that

_1 3 1
V(v o, T) = e X BVTHEWD g o= 1=xetm), (58)
where Y evolves under ]’%”*, as in , according to the SDE

dY; = w(n}, Ye) dt + pdW, . (59)

Since 6, ¢,, and v*(n*(-),-) grow at most linearly, the measure transformations in
part 1) can all be justified by [26], Example 3, Subsection 6.2.

Moreover, the linear growth Assumption [3.1la) for ¢, ensures that |p(y)| < K(1+
y?). By Jensen’s inequality applied to we thus see that

%}Tm %IH(V(U*,V*7yO7T)1_>\) > A(/\) - hm TEEW [

e(Y7)l]

> AN - K hm LEg,. [VE] = A(N).
Here the last equation follows from Assumption [3.1|b) and [24], Lemma 8.21), applied
for the SDE (59)). In view of , this implies (57)), and so follows.

3) It remains to translate these results to the initial problem of robust utility maxi-
mization: The finite horizon duality relation (20) holds for any (regular) convex class
of measures, and in particular for the one—pomt set {Q” }. In analogy to it thus
follows that the maximal value for expected power utility in the specific model Q"
satisfies the duality formula
QM N 1A * 1-2
UT (.I‘()) - XIO sup V(n s Vs yOaT) .
veM

Taking also into account the duality relation for the whole set Q, we derive

from and . O
Remark 3.1. If po =0, then the process Y evolves under R according to

dY; = k(A me, Ya) dt + py dW, ™
for k introduced in Assumption b). This dynamics does no longer depend on the
irrepressible control v. Moreover, it follows from and y(n,v,y) < 0 that

VO v 50, T) < e T AT +e(, WD B %/\ga(A,YT)].

14



Thus @) mn Assumptz'onc) can be replaced by the weaker condition

1
lim + Insup EEH,V[67EW(A7YT)] =0. (60)
T7To0 nec

This observation will be crucial to identify the optimal growth rate A(\) in the geo-
metric OU model with uncertain mean reversion; see Subsection[5.3

To identify a long term trading strategy 7*(\) we need

Assumption 3.2. Consider the solution (A(X), (), -)) to the EBE described in

Assumptz'on and let n*(A,-) be the corresponding maximizing function. Let @" be
the probability measure such that'Y evolves according to the SDE

dYy = R\, V) dt + pd Wy,
where W denotes a two-dimensional @"-Wiener process, and where K is given by
R 1.y) = g(y) + 2501 (0(y) + 1 (N w)y + 02 (A y)
+ (ot y +0%) + [251 + P3ley (A y)-

Then

lim + In sup E5 e MY = 0.

TToo nec
Theorem 3.2. If our reqularity Assumptions[3.1) [3.3 are satisfied, then we have:

i) The value 1~\()\) given by the solution to the ergodic Bellman equation co-
incides with the optimal rate of exponential decay

AN) = inf lim £ 1In sup Egn[(X
()= fuf, lim F1n sup Eqn[(X7))

of the distance between robust power utility and its upper bound zero. In view
of (@ this particularly means that

. . *(N)
AR = Jim I U (o) = Jim 7 In Uz (o),

where Q1 N € Q is the measure specified by the feedback control n*(\).

ii) In the specific model Q"N the optimal rate of exponential decay of the distance
between power utility and its upper bound zero is equal to A(N), i.e.,

AX) = Agrn(A) = 222}%; %mEQn*w[(xgs)k],

ili) The trading strategy w5 (\) = 7%(\,Y;), t > 0, defined in terms of the function

(AN Y) = 2 ey (N y)pr +0(y) + ' (N y)y + 7 (AN y) - (61)

belongs to A, and it is optimal in the sense that

AN = hm Z1n sup EQ,,[(X;*(’\))A] = lim %lnEQn*(x)[(X;*(A)))‘]. (62)
Too QneQ TToo
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Proof. In Theorem u we have seen that in the specific model Q7 M the distance
between the maximal expected utility and its upper bound 0 decays exponentially
with rate A(\), i.e.,

~ s 1 AyQ"*(A) T 1 . T\
AN = %1{(1)10 7 In|Up (xo)| = %1%10 7 In gﬁT Egu o [(X7)7]

s

for any initial capital X = x¢. Thus the inclusion A C Ay yields the inequality

A\ < inf lim & In Eqpeon [(X7)M < inf lim &1 Eon[(XM)M = AN).
(\) < juf, lim 710 Bg w [(XT) ]_;gATl%lOT n sup @ [(X7)*] = AN

To show that the preceding inequalities are in fact equalities, it is enough to verify
that the strategy 7*(A) belongs to A and to establish the estimate

AN > Tm £ 1n sup Egn[(X5 V). (63)
T1oo QneQ

This yields the identity A(A) = A(\) = Agn+v(A) and at the same time . The
proof of can be obtained in analogy to [24], Theorem 4.2. O

4 A duality approach to the robust large deviations
criterion

The following proposition will allow us to apply convex duality methods in order to
compute the Fenchel-Legendre transforms A*Q, A,

Proposition 4.1. For any Q € Q, the function

Ag:(—00,0) = R_, A+ inf lim LInEg[(XF)*] (64)
T€ATT00

18 convex. Moreover, convexity holds for the robust growth rate , viewed as a
function A on the interval (—o0,0).

Proof. To verify convexity for Ag, take o € (0,1) and A1, A2 < 0. For arbitrary e > 0
we choose trading strategies 7y, 7o € A such that

Ag(Ni) +e> Iim £ In Eq[(XT)™M], i=1,2.
TToo

Furthermore, we define v := aA;/(aA1 + (1 —a)X2) € (0,1) and 7 := ymy + (1 — ) ma.
Then 7 belongs to A, and it satisfies 77 < y7?, + (1 — y)73,. Since Q = Q" for some
process 1 € C, we now infer from the SDE @ that

X; _ (X;I)V(X;‘;z)lf'ye% ST o2 yn? 4+ (1—)n2, —72] dt > (X;Sl)”(X;?)l’V,

~ 1
X% > ((X;:l)a)\l (X;Z)(lfa))m)a)\l—&-(l—a))\g_

Raised to the power of aA; + (1 — a) A2 < 0, the inequality is reversed. Hence,

EQl(XF)sht(medda] < Bo[(X7)oh (X2 )(-e)he]
< Bo(X7)M]* Eql(X72)*]' ™,
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due to Holder’s inequality applied for p = 1/« > 1. Since € was arbitrary, convexity
of AQ’ (—00,0) follows from

Ag(ah + (1 - a)do) < lim & In Eo[(XF)™+0-%]

TToo
T T1\A1 T T2\ A2
<o i+ Bl(XF )] + (1 — o) i 4 In Eo[(X5)]

<a(Ag(M) +€) + (1 —a)(Ag(A2) +¢).
Using that A(A) = Aga+v) (M) this result applied to @ := Q' (adi+(1-a)A2) vields

A(O[)\l + (]. — O[))\Q) = AQ(CV)\l + (]. — Ck))\g)
< ag(M) + (1 -~ a)Ag(Ne)
< al(Ar) + (1 = a)A(X2),

i.e., A — A(\) is convex on (—o0,0). O

Our next goal is to show the duality relation J, = —AZ? for a single measure
Q = Q" € Q. This will follow by translating the main arguments used in Hata, Nagai
and Sheu [I§] for a linear Gaussian factor model to our general setting. To this end,
we need the following regularity assumptions, summarized as

Assumption 4.1. Letn : R — T be a measurable function, and let Q = Q" € Q be the

measure associated with the feedback control ny = n(Yy), t > 0. Assume furthermore
that the ergodic Bellman equation

Ao(N) = 3lIolPleyy + 2592] + iléﬁ{(l = NI 0(),v,-) + @yh(An(-),v, )} (65)

has for any A < 0 a solution 1~\Q()\) eER_, o(\, ) € C*(R) satisfying the conditions:

a) There exists a constant C1(X) such that |p, (X, y)| < C1(N)(1+ |y]).

b) The solutions ]\Q(/\), p(A, ) are continuously differentiable in X on (—00,0), and
it holds that

|0y (Ay)| < Co(N)(1+y|) for some constant C2(A) > 0.
¢) The function k1(A,-) defined by
k(A y) = g(y) + (p.n" )y +n* ()
+ 25p00) + 0t W)y + 0P )]+ (et + ey (N y)
satisfies yr1(A,y) < —C3(N)y? + Ca(N) with constants C3(N), Cy(N) > 0.

d) Let R be the probability measure such that dY; = k1(\, Yy) dt + pdBy, where B
denotes a two-dimensional Brownian motion under R. Then

| —(A\Yr)] _
%1TrgoflnER[e PAYT)) —
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The following theorem will show that the convex function Ag|(—sc,0) in co-

incides with the function JNXQ given by the solutions of . Thus Ag has the regu-
larity property required in part b) of Assumption This implies that the Fenchel-
Legendre transform A (c) = supyo{Ac — Ag(N)}, ¢ € R, is given by

00 for ¢ < Ajy(—o0),
Ab(e) = AleJAG(Ale]) = Ag(Ale]) for Al (—o0) < ¢ < AK(0), . (66)
0 for ¢ > A% (0).

Here we use the notation Afpy(—o00) = limyj—cc Ap(A), AG(0) := limyyo A (A), and
Ale] € (—00,0) is taken such that Ay (A[c]) = ¢ € (Ap(—00),A5(0)) (first order
condition for the maximum). Moreover, Ay, is continuous on (Ag(—o0), 00).

Theorem 4.1. Consider the model Q = Q" € Q, and assume that Assumption [{.]]
is satisfied for Q. Then we have:

i) For any A < 0, the value 1~\Q()\) given by the solution to the ergodic Bellman
equation @ coincides with the optimal growth rate for expected power utility

Ag(\) = inf lim +In Eq[(X])"]
TEA T

Moreover, the control m;""(A\) := 7" (\,Y;), t > 0, defined by the function

TN Y) = i g oy (A y)er +0(y) + 0t (y)y + 0 (), (67)
achieves the infimum among all investment strategies m € A, 1. e.,

Aq() = Jim 3l Eo[(XT ™)’ (68)

ii) For any ¢ # A(—00), the Fenchel-Legendre transform Ag in @) yields the
optimal rate of decay for downside risk, i. e.,

s . 1 T _ ®
Jqle) = ;25%1%10 7InQ[LT < o = —Ap(o).

iii) For any c¢ € (Ap(—00)),Ap(0)), the feedback control " := 7*"(A[c]) mini-
mizes the asymptotic probability of falling below the threshold c, i. e.,

_ . 1 il
Jole) = Tl}TIglo QLT <]

iv) For any ¢ < Agp(—00), the trading strategies 7" := 7" (A[Ap(—00) + 1/n]),
n € N, yield ~
lim lim L QL] " < =—o00= Jo(o). (69)

nToo TToo

Proof. 1) We shall derive i) as a special case of Theorem (3.2} To this end, we recall
that the dynamics of Y, S under Q = Q" is given by (8], replace Qo by the new
reference measure Qy = ) and take as initial data

9) =g@) + (o0 Wy + 0 ¥), pi:=pi, =12, 7:=o0,
m(y) =my) + o™ @y +n* ), ) =0 +n" Wy +n* (),
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as well as the one-point set = {(0,0,0,0)}. This corresponds to the non-robust case
Q :={Qo}. In view of a), ¢) and d) in Assumption the solution (Ag(\), (X, -))
also satisfies Assumption Theorem applied to the one-point set Q = {@0}
yields that the value Ag(A) coincides with the optimal growth rate

inf lim £ In sup E5 [(X%))‘} = inf lim + In Eq[(X7)M = Ag(N)
TE€EA T 00 0eQ €A 100

for power utility with parameter A < 0. Moreover, the optlmahty statement . for
*1()) follows from . and . since here 7*(\, y) € T' = {(0,0,0,0)}.

) Let us now focus on part ii). Since Jgo < —Ag), and since Ag(c) = oo for any
¢ < A (—00), it suffices to show

J(c) = 11€1f lim 7 InQ[LF < ] > —A§(c) for any ¢ > Aj(—o0). (70)
™ TToo

To this end, we first fix ¢ € (Ajy(—00), A5 (0)] and take € > 0 small enough such that
c—e> Ag(—0c0). In that case,

Ap(c—e€) = Ne—€l(c—e€) = Ag(Ale—€]) = Mc — ] A (M — €]) = Ag(Ale —¢€]), (71)

due to Ap(A[c —€]) = ¢ — €. In order to compute Ag,, we shall now differentiate both
sides of . For this purpose, note that this EBE takes the explicit form

Ao(N) = $loIPleyy (M y) + 50 (N y)] — 3250 (W)ea (N y)
+ o, (A ) (9W) + (00" Wy + 0" () + 2xm [0y )+77 )y +n* (v)])
+ 3 2510) + 0" @)y + 0P )] + Ar(y).

To keep the notation as simple as possible, we write for short A instead of A[c — €],
w(y) = e\ y) and y(y) == %gp(u,y)b:)\. Then it follows that

AN = 311o1P 19y () + K1 (N )y () + m2(X, ). (72)
Here we use the functions k(] -), defined in Assumption [4.1/c), and
ka(N,y) = 5(om™"(Xy))* + 7 (y). (73)

On the other hand, we can rewrite as
Ao(N) = 5lo1Peyy (y) + s1 (A y)ey (1) + r3(X,y)
with
k3N ) = =525 (v) + P3 (W) (y) + 5 25 10(y) + 0" W)y + 02 ()] + Ar(y).

Thus the right-hand side of takes the form

Ag(N) = AN = 51ol (yy — M) (@) + 1 (X 1) (0y — M) (¥)
+ k3N y) — Asa(N,y).  (T4)

Note also that

K3\ y) — M2 (A ) = =552 (1oy () + A0(w) + 0" W)y + 1 (W))]? — 3lp200y (v)]°.
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Let us now turn to the analysis of the wealth X7 generated by a strategy = € A. In
view of the SDE @ we have

R 1
Xr = xoeIOT om dW} "+f0T(T(Yt)+[9(yt)+muYt+7h21]<77ft—5027%2)dt. (75)

Our aim is to connect X7 and the exponential growth rate LT} = % In X7 with the

expression kg and with the feedback control 7¢~¢" = 7*"(\) defined by (@ for
A = Mc — €. Using , an easy computation yields for the term inside the second

integral in

r(y) + [0) + ' )y + 0 W)]om — Lo’ = =0 (r — 7™ (A, y))?
—onli5 (prey () + AO(Y) + 0 W)y + 7* ()] + K2(A, ),
i.e.,
XT = goels AW = Tx (o1 (VENOY)+0 Vit n?']) ) [T s (0¥ = 30 (re—r (V) e

To eliminate the drift appearing in the first integral, we introduce the new probability
measure R on (Q, Fr) via

‘ Y+ A[O(Y) +nt Y42t , ' ,
|, o (| s oy [ g, () a2 ).
Girsanov’s theorem ensures that B = (B}, B?);<r defined by

t
Bl =W / oy (Ya)pr(Ye) + AB(Y:) + n'Ya + o2 ds,

t
B? = W2 / pa(Ye)oy (V) ds (76)

is a two-dimensional R-Brownian motion. Thus the exponential growth rate LT, =
% In X7 admits the representation

T T
LE = L(lnzo + / om dB} + / ka(\,Y:) — %02(7” — 7 M(N)2 dt)
0 0

S

T . T
_ %(lnxo—i—/ () dBtl—&-lné'(/(a(m—wf’"()\)) ng)T+/ ko (N, V) db).
0 0 0

In a next step, we consider the shortfall probability

QILF < d = Erl(§8| ) LT < d,
where the density term (dR/dQ|r,)~! can be rewritten as
(%’H)_l — e ffﬁ<mwy<Yt>+A[9(m+n31Yt+n?1])dBé—fony(mdB$+foTna<A,m—m<A,Yt)dt.
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In order to obtain an appropriate lower bound, we introduce the following events:

T
Eir ::{%/0 k3(A, Yy) — Ao (A, Y3) dt > Ag(N) — )\A’Q()\) — €},

T T
Esr ;:{%/ plwy(14)+/\[01(i’i\)+nt11Yt+n31] dBtl N %/ p2<py(Yt)dBt2 <o,
0 0
T
Eg)T ::{%(lnxo +/ HQ()\, )ft) dt) S A/Q(A) + %},
0
T
Eyr 32{%/ om;"(N)dB;} < £},
0

Fsr ::{%mg(/o' o(m — 7 (\) dBDr < €.

Then
EI,T M E27T g {(%‘]__T)_l Z eXp((AQ()\) — )\Ab(A) — 2€)T)},

and
EsrNEyrNEs C{L} <c},

due to A (A) = Ap(Ale — €]) = ¢ — €. In step 4) we will show that
3T()VT >T(e): R[E{r]<e forallme A, ic{l,...,5}. (77)

This allows us to conclude

Q[L”<c Er[(55] 5, 1;L§§c]
(48] 5) " Bur N Ear N {LF < c}]
> exp(( (A) +Aq(\) = 26)T)R[Evr N E2r N{LT < c}]
> exp((=MG(A) + Ag(N) — 26)T) R[N Bir]
> exp((—A ()\) + Ag(A) —26)T)(1 — 5e)

as soon as T' > T'(¢e). Note that this lower bound is uniform among all 7 € A. Passing
to the limit as T' goes to infinity, we obtain

Lo(e) 2 lim Lin(exp((—AAL(A) + Ag(A) — 20)T)(1 — 5¢)) = —AA,(A) + Ag(}) — 2¢.

But in view of the last inequalty is equivalent to
Jole) = —Ap(c—e€) — 2e.

Sending € to zero and using the continuity of AZ‘Q at ¢, we finally get the desired
estimate J(c) > —Ag(c) for any ¢ € (Ag(—oc), Ap(0)].

It remains to consider the case ¢ > Ay(0). Using monotonicity of J, and the
preceding result for Ab(O), we obtain

02 Jo(e) > Lo(AG(0)) = ~Af(AG(0) = 0 = ~A5 ().

We have thus shown . This completes the proof of Jg(c) = —Agy(c) for all
¢ # Ay (—00).

3) Let us now identify trading strategies which minimize the asymptotic probability
of falling below the target rate c.
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For ¢ € (Ajy(—00),A5(0)), optimality of the strategy 77 = 7*"(A[c]) follows by
combining the duality relation J,(c) = —Ag(c) (cf. part 2)) with the estimate
Jole) < Fm #mQUE" <d
= i F M QIXF )N > AT
. 7T (e c
< =Alde+ Jim I Bo[(X7 )N
= —Alde+ Ag(Ae]) = —Ag(e).

Here we have used in order to obtain the first equality in the last line.
If ¢ < Al;(—0), then repeating the previous argument for the trading strategies
7 =7 An), A = A[AG(—00) +1/n], n € N, leads to

~n,n

J(c) < lim lim %th[ng << liTm(—)\nc—l—AQ()\n)) = —00.

nToo T1oo

To verify the last equality, we take some reference point A < 0. Then convexity of
AQl(~s,0) ensures that

AG(An) (A= An) S Ag(N) — Ag(An)  for all A,y < A
Since A, tends to —oo as n 1 co and lim,jeo A’Q()\n) = A’Q(—oo) > c, this implies

lim (~Ane + Ag(hn) < lim (Ag(N) = Ag(An)A+ An(Ap(An) = ) = =0,

nToo

On the other hand, we have J,(c) = —Ag(c) = —oo, due to part 2) and . This
shows .

4) Tt remains to verify the asymptotic estimates in . To this end, note that the
dynamics of the factor process Y under R is given by the SDE

ay; = [g(V2) + (p,n" (Vo) Yy + n* (V)] dt + pdWy" = k1 (X, Yy) dt + pdB,

with initial value Yy = yg. Here B denotes the two-dimensional R-Brownian mo-
tion defined in , and k1(),-) is the corresponding drift function introduced in
Assumption [4.1]c).

First, by combining Tchebychev’s inequality, (74) and Ité’s formula applied to
© — Ay, we get

T
RIES 1] < RlJAg(N) — AMp(A) — & / ks (A Y:) — Ara(\, Y3) dt| > ]

T
< 2 ErllAg(N) — MpL(\) - %/ k(A Y3) — A\, V) 2]
T 0 T
= (1) 2Exll [ (o= 2) (a0 Yyt 4 [ (o = X))ol
0 0

= () ?Er[l(¢— M) (Yr) — (¢ — A7) (y0) — /0 (y — M) (Vo) pdBy|?]. (78)

Next, by a) and b) in Assumption we may find a constant C5(\) > 0 such that

[0 = 2N < CsNA+y?*) and  [(py — M) (W) < CsN (L +1yl)  (79)
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Moreover, by Assumption [4.1|c), Lemma 8.2 in [24] ensures that
3Cs(X) >0V T >0: BrlYF] < Ce(N(1+yd), Er[Y7] < Cs(A\)(1 +5).  (80)

Thus the stochastic integral in is a square integrable R-martingale, due to

. T
ERK/(sOy — \yy)(Yi)pdBy)r] = ER[/ ((py — Ay) (Y1)l dt]
0 0

<203 (N)|pl*(1 + fggER[YE])T < 0.

Going on with estimate (78]), it follows by It6’s isometry, and that
RIES 7] < (1) 72(1(0 = M) (o) [ + Er[l(¢ — M) (Yr)[*)

T
T (eT) x| / (g — A1) (VDI ]2 ]
= () 22ACs (P11 + 4+ 1+ Enl¥] + Tl (1 +sup Erly?])

< (1) 722(C5(N)*[2+ 0 + Co(N) (L +y) + Tl * 1+ Co(N) (1+55))]-

But this translates into R[Ef ;] < € as soon as T' exceeds some T'(e).
Using and |y, (y)| < Ca(A)(1+ |y|), the same arguments lead to

T
R[ES 7] < R[|7:(Inzg +/O K2(N,Yy) dt) — A (V)] > §]

T
< () Ballbtnwo + [ w0 ¥0) dt) — MgV

T T
(§7) " Eg[| Ino - / 7y (Y)ri (A, Vi) dt — 4 / Yo (Yl dt?]

T
= (5T 2l = 1Y)+ 5(m) + [ 3(Vdp dBf*) < const/T

i.e., R[E3 7] < € as soon as T is large enough.
To estimate R[ES p], notice that by Assumption Assumption (4.1}a), and
boundedness of n'1(-), n*1(-) there exists an constant Cg(\) with
125 (p10y (y) + AO(y) + 0" (w)y + 0> (W)])] < Cs (V)L + [y)),
P2ty (y)| < Cs(N)(1 + [yl).

Tchebychev’s inequality combined with It6’s isometry thus implies

T 11 21 T
RES 1] < (¢T) x| / prey OV INOC ) bl Vi) g1y / pripy (Vi) dB2 P

T 11 21
S I AT

< (€T) 2 4(C5(N)* T (1 + sup Ep[¥;?)

a7 4(Cs(V)* (1 + Cs(N) (1 + 1)),

and this leads to R[ES 7| < € for T' > T(e). Since [om™"(A,y)| < Co(A)(1 + [y]), a
similar argument yields R[ES 7] < e for T' large enough.

IN
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Finally, using once more Tchebychev’s inequality, the supermartingale property of
the Itd exponential £(-) yields

RIEE 7] < exp(—§T) Erl€( / o(m — 7 () dBY)1] < exp(—5T).

We have thus shown , and this closes the gap in part 2). O

With these results for the non-robust case we are now ready to analyze the asymp-
totic minimization of robust downside risk. Notice that the following proof does
no longer involve the specific structure of our model; it only uses the identification
AA) = Agron (N).

Recall from Propositionthat the function A|(_ oy defined by is convex. If
A is even continuously differentiable on (—o0, 0), then the Fenchel-Legendre transform
A" in can be computed as

00 for ¢ < A'(—o0)
A*(c) = < Mc]A (Nc]) — A(N[c]) for A'(—0) < c< A'(0) . (81)
0 for ¢ > A’(0)

Here we use the notation A’(—o0) 1= limy| o A’(A), A/(0) := limyo A'(N), and || <
0 is chosen such that A’(A[¢]) = ¢ € (A'(—o0), A’(0)). Moreover, A" is continuous on
(A (=00),00).

Theorem 4.2. Suppose that the function A|(_o oy defined by the optimal growth rates
mn is continuously differentiable. For any X\ < 0, we assume that Assumption
is satisfied for the worst-case measure Q@ = Q" V). Then we get:

i) The duality relation

J(c):= inf lim L 1In sup Q"[L] <] =—A"(c) (82)
TEATT00 QneQ

holds for any ¢ # N (—00).
i) For any ¢ € (A'(—00),A’(0)), the controls w°¢ = ﬂ*&g\[c]) and 7° := n*(\[c])
yield the optimal strategy and the worst-case model Q" in the sense that

= 1i l n e < =1i i 77(‘ T < = #e .
2(e) = Jim 1 sup QLT <) = Jim $1nQ7[LF < ] = Low (0

Thus the “robust large deviations control problem” reduces to a non-robust
control problem with respect to the specific model Q" € Q.

iii) For any ¢ > N(0), the sequence of probabilistic models Q7 € Q, n € N,
associated with the feedback controls 1" = n*(A[A(0) — 1/n]) is nearly least
favorable in the sense that

0= lim J o (c) =

nloo

J(c).

iv) For any ¢ < A'(—00), the investment strategies 7" := 7*(A[A'(—o0) + 1/n]),
n € N, satisfy
lim lim % In sup Q"[L/z’in < =—c0=J(c). (83)
nloo T1oo QneQ
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Proof. 1) In order to show the duality relation J = —A*, let us first argue for ¢ €
(A'(=00),A’(0)). In that case, the concave function f(A) := Ae—A(N), A < 0, achieves
its maximum among all A < 0 at A[c] € (—00,0). On the other hand, f is dominated
by the concave function g(\) := Ac — Aga< (A), and it holds that

F(Ae]) = Alee = AA[e]) = Ale]e = Agu=aen (Ale]) = Alele = Agas (Ale]) = g(Ale])-

Since f and g are assumed to be continuously differentiable, this tangency implies the
first order condition g'(A[c]) = 0, i.e., ¢ = Az (Ale]) > Afyze (—00). In other words,
Alc] is also the maximizer of g among all A < 0. Thus we have

A™(¢) = f(Ale]) = g(Ale]) = sup{Ac — Agac (A)} = Agyae ()

A<0
Applying Theorem with respect to Q7" = Q" ) gives the estimate
J(0) = Jgue(¢) = —Alyae (¢) = —A*(0). (84)
By Proposition [2.1] this yields J(¢) = —A*(¢) for ¢ € (A’(—o0), A’(0)). To identify 7°
as the optimal strategy and Q7 as the worst-case measure, we note that

lim L InQ"[LE < < Iim 41 MLE <
TlTrgoTnQ [LT 70],T1TICI>IOT HQSWUEPQQ[T <

= lim 7 In sup QW[QA[«:]TL’}c > AeleT]
Ttoo QneQ

< lim %ln sup {BiA[C]CTEQn [eA[C]TLic]}
TTDO Qneg

= —Alcle + A(A[d]) = —A"(c). (85)

Here the first equality in the last line follows from the fact that the strategy 7¢ =
7*(Ac]) is optimal for robust power utility with parameter A[¢] < 0 in the sense of

, i.e.,

A(A[]) = %1%?0 +1n st}lepg Egn[(XFHN] = ’ll“lTrgo +1In anuepg Egnle

Putting and together, we see that
J(e) = Joue () = —A*(¢) for any ¢ € (A'(—00), (0)),

A[C]TL’;C].

that the strategy 7¢ minimizes the robust downside risk, and that it also minimizes
the asymptotic downside risk with respect to Q7 . Thus we have shown ii).

2) For ¢ > A’(0), it holds that flg_ < A"(c) = 0 and limyyo f(A) = 0. On the other
hand, the concave function g,()\) := Ac — Agan(A), A < 0, dominates f, and it is
tangent to f at A, := A[A/(0) — 1], due to Agan (An) = A(),). Clearly, by concavity,
we have maxy<x, gn(A) = f(An). Since limy o0 Ay, = 0 this implies

o (© = i qupthe = fam (0} = i g on

nToo
= liTm () =0=A"(c).

Using again Theorem [{.1] we now see that
0> lim ~In su MLE <] > J(e) > lim Jpyan (c
> i bl sup QUILF <. () > i Jor ()
=— lim Agan (¢) = =A% (c) = 0,

noo
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and this implies i) for ¢ > A’(0) and iii).

3) For ¢ < A'(—0), we have J(¢) = —A*(c) = —o0, due to and the a priori
estimate J < —A". This concludes the proof of i). It remains to show iv). Writing
An = A[A(—00) + 1/n] we see that

lim lim #In sup QLY <] = lim lim #1In sup Q"[es‘”TL?Tr > eS‘"CT]

n1o0 Too Q1eQ n100 Too Qneo
< lim Jim 3 In sup {e~ " Equ[M7HF )
nfeo 710 QneQ

= liTm(—S\nc—l— AA)).

Observe next that for some reference point A < 0
ANA)A=A) <A —A(N) forall A < A,
due to the convexity of A|(_s o). But this leads to

lim (—Apc+ A(Ag)) < iiTrglo(A(S\) — N )X+ A (N (M) = ) = —0

nToo

since \,, converges to —oo as n | 0o and lim,, 1o A’'(X,) = A’(—00) > ¢. Thus we have

shown . O
Remark 4.1. For c € (A'(—o0),A’(0)), Theorem[{.9 yields that

inf sup QU[LF <~ sup Q"[L} <] ~exp(—=A*(c)T), as T 1 oo,
€A Qe QneQ

with a rate A*(c) € (0,00). In other words, the minimal worst-case probability of
falling below the level ¢ decays exponentially to zero, and the long term strategy w°
provides a good approrimation of an optimal strategy for the initial finite horizon

problem (@) For ¢ > N'(0), however, the asymptotic approach leads to

inf sup Q"[LT <] =1, (86)
€A QneQ

due to J(c¢) = 0. Here our Ansatz does not describe the asymptotics of accurately.
Instead one should look at the exponential decay of the distance

1— inf su MLE <c]=sup inf Q"[LT >c
inf, s Q'ILF < = sup inf QL7 > o

and compute a long term strategy that

mazimizes lim £ 1n inf Q7[LT >¢| among allm € A.
Troo T Q,,,GQQ (LT = ] g

This robust outperformance criterion for long term investors is analyzed in [23].

5 Case studies

5.1 Black-Scholes model with uncertain drift

Taking constant drift coefficients r(y) = r, m(y) = m, we obtain under the reference
measure Qg the one-dimensional Black-Scholes model, i.e.,

ds? = S%rdt, dS} = S}(mdt+odW}).
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Now suppose that the investor is uncertain about the “true” future drift of S': any
adapted drift process with values in some interval [a,b], —co < a < m < b < oo, is
possible. This uncertainty in the choice of the drift can be expressed by the ansatz
I'= {(0,0)}x[2=, =m]x {0} and the associated prior probabilistic models Q defined
by @ More prec1sely, each element Q" € Q corresponds to a drift perturbation of

the following type (cf. equation (8b)):
ds} = S} (lm + onf'] dt + o dW,"").

In this example the factor process Y plays no role. In particular, the function (A, -)
appearing in the heuristic separation of time and space variables is constant, and
its derivatives @, (A, ), @yy(A, -) vanish. The EBE for the asymptotics of robust
utility maximization thus takes the simplified form

A(A)—supsup{zl xl0 + 0™ + v+ A} = 5250+ 070)? +
vER ne

where ¢ := ™=t denotes the constant market price of risk, and where 7
[a=m b=m] is the unique minimizer of the absolute value |6 + n*'|. Defining the
constant controls v;(\) := 0 and n; := n;(A) := (0,0,1?1*,0), t > 0, the verification
Theorem [3.2] is valid without any additional conditions as in Assumptions [3.1] and

[B:2l We thus obtain the following
Results for the asymptotics of robust expected power utility:

21,% c

e The optimal growth rate for robust expected power utility is given by
AN = %—/\(0 +722 4, A<,

and it coincides with the optimal growth rate Ag,«(A) for the specific model

*

QM.

e Investing the constant proportions 7} () = 25 (6 + n*"*), t > 0, is optimal.

e The worst-case measure Q7 does not depend on the parameter .

Set v := (6 + n?"*)2. Then we get A'(—o0) = r, A'(0) = v+ r, and A[] =
1—+/v/(c—r) for any ¢ € (r,y + r), and so the Fenchel-Legendre transform A* in
takes the explicit form

o0 forec<r,
A(e)=4 (We—r1—7)? forr<c<y+r,
0 forc>~vy+r

Note that A" coincides with the Fenchel-Legendre transform A,,«. Theorem and
Theorem [£.2] thus provide the following explicit

Results for the asymptotic minimization of robust downside risk:

e For any c # 7, J(c) = inf lim £ In sup Q"[L% < ] = —A*(c).
€A T 0 QneQ

e For ¢ € (r,7+r), the measure Q7 and the strategy 7¢ defined by

T =[SO+, >0,

form a saddle point for the asymptotic minimization of robust downside risk.

e For ¢ < r, it is clearly sufficient to invest the whole capital in the bond.
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5.2 Geometric Ornstein-Uhlenbeck model with uncertain mean
reversion

Consider now a financial market with constant short rate r, where the stock prices
are specified by S} := exp(Y; +at), a € R. Here the economic factor Y is of Ornstein-
Uhlenbeck type, but the investor is uncertain about the “true” future rate of mean
reversion.

This situation can be embedded into our general model of Section [2] as follows:
Under the reference measure g, the process Y is assumed to be a classical Ornstein-
Uhlenbeck process with constant rate of mean reversion 7y > 0 and volatility o > 0,
ie.,

dY; = —noYydi + 0 dW}, Yo = yo.
Using It6’s formula, it thus follows that

dS} = S} (adt+dY, + 3 d(Y)) = SH(—noYs + 30° + @)dt + o dW}),

and so this example corresponds to the choice g(y) = —noy, m(y) = —noy + %02 + a,
p1 = o, p2 =0, and to the affine market price of risk function

0(y) = L(—noy + 30> +a —r).

To cope with the uncertainty about the “true” future rate of mean reversion, we admit
any rate process that is progressively measurable and that takes its values in some
interval [a,b], 0 < a < g < b < oo. This uncertainty can be embedded into our
general model by the ansatz
—b _
F = [?7077 nof,a] X {(Oa 070)}

Indeed, let Q" € Q denote the probabilistic model generated by a I'-valued, progres-
sively measurable process n = (1;)¢>0; cf. ‘ In view of , the dynamics of Y
under Q" is given by

dY; = —(no — oni )Yy dt + o dW,",

and the resulting mean reversion process (9 — ont!)i>o takes values in [a, b].
To determine the dual growth rates A(\), A < 0, explicitly, we now proceed as
follows:

Step 1: As in Fleming and Sheu [8] we compute the non-robust growth rates Ag, ()
for the reference model ()¢ with constant mean reversion ng. For this purpose, we ap-
ply the results of Subsection [3.3]to the one-point set Q = {Qo} (i.e. T' = {(0,0,0,0)})
and use the quadratic ansatz p(\,y) = %Ay2 + By. Inserting the derivatives in the
EBE and comparing the coefficients of the terms in 42, in y, and the constants
yields a system of equations for A, B and the value AQO' The parameter A is de-
termined by a quadratic equation, but one solution is excluded by our regularity
assumptions on the solution ([\Qo, ©(A,+)). The other root yields the regular pair

AN =51 =VI=Nmo + My, o(Ay) =301 = VI=NBy — (307 +a -1y,

where v 1= r + 535 (10? + a — r)2. We finally obtain that Ag,(A\) = Ao,(N), in

202
accordance with [8], Theorem 6.1.

Step 2: Since Ag,(A) is decreasing in 7o, it is natural to expect that the asymptotic
worst-case measure corresponds to the probabilistic model, under which Y has the
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minimal rate of mean reversion a. To solve the EBE for the robust growth rates
A(X) we thus take the candidate

AN =11 -VI=Na+M, e\y) =30-VI-N%y* - A1 +a—1)y.

o2

It is easy to check that this pair indeed solves the EBE , and that it satisfies
a weak version of our regularity Assumption cf. Remark This yields the
following

Results for the asymptotics of robust expected power utility:
e For any A < 0, the optimal growth rate is given by A(\) = %(1 —vV1=XNa+ M.
e For any A € (—3,0), the trading strategy m; (A\) = 7*(\,Y:), t > 0, defined by

W*(A,y):—\/ll_i/\%y—l—#(%UQ—&—a—rL (87)

is asymptotically optimal for robust expected power utility. For A < —3, how-
ever, our regularity Assumption is not satisfied, and the strategy is no
longer optimal; see, e. g., [§], Section 6, for a careful discussion.

e The asymptotic worst-case measure Q"7 € Q does not depend on \ and is
determined by the constant control 7} = (%2=% 0,0,0), ¢ > 0. Under Q" the

[og
OU type process Y has the minimal rate of mean reversion a.

The function A is continuously differentiable on (—oo,0) with A’(—c0) =+, A’(0) =
¢ 4, and the parameter A[c] < 0 such that A’(A[c]) = c € (v, § + ) is given by

Al = 1- ()"

The Fenchel-Legendre transform A* in thus takes the explicit form

00 for ¢ <7,
a_ 2
A (c) = %f0r7<c<%+’y,

0 forc > ¢ + 7.
In particular, A™ coincides with Ag,,«. From Theorem @ we deduce the following

Results for the asymptotic minimization of robust downside risk:

e For any ¢ # v, the optimal rate of decay of robust downside risk J(c) coincides
with the optimal rate of decay of downside risk .J o, (c) for the model Q" , and
both rates are given by the Fenchel-Legendre transform —A*(c).

e For any c € (§ +7, { +7), the strategy 7° defined by
m=m(Ad) = —%(c—Yi+ HGoP+a—1), t>0,

yields the optimal rate of decay for robust downside risk and at the same time
the optimal rate for the specific model Q" , i.e.,

J(e) = }1& +1n stepg Q"L <= %ITI?O Q" [L} <= Jgn= ().

e For ¢ < r, it is clearly sufficient to invest the whole capital in the bond.

Remark 5.1. Forc € (v, § +7], we cannot establish optimality of 7¢ := 7*(\[c]) via
. Indeed, the trading strategy w* () is asymptotically optimal for robust expected
power utility mazimization only if A € (=3,0). Since A[c] € (—3,0) if and only if
ce (g +7 ¢ +7), the arguments in are not applicable for c € (v, § + 7).

29



5.3 Nonlinear coefficients

Let us finally consider an example with nonlinear coefficients. Here the EBE (42)
cannot be solved explicitly, but nevertheless the existence of a regular solution can be
shown under the following simplifying

Assumption 5.1. In addition to Assumption[2.] let us assume that the market price
of risk function 0 is bounded, that T' C {(0,0)} x R?, and that for all A < 0

FK(N) >0 gy(y) + 2500,(y) < —K(\) for ally € R, (88)
Indeed, maximizing among v € R, the EBE takes the condensed form

AR = 5lplPeyy A 1)+ 3 (B(N)ey (A )? +Sglr>{n()\» 1Y) +ey (A y)m(X,n,y)}, (89)

where we use the notation
P(A) =/ 2503 + P,
n(An,y) =3 250) + n*'° + Ar(y) <0,
m(An,y) = g(y) + o1 (M(y) + ") + pan.

:

To eliminate the nonlinearity in ¢,, note that
15 2 _ 1 2
3 (PN ey (A, )" = max{apy (A y) — sy}

Our construction is inspired by arguments in [7], Theorem 7.1. It involves a param-
eterized family of finite time horizon control problems, where the existence of solu-
tions for the associated HJB equations is already known. The existence of a solution
(A(N),@(),-)) is obtained by taking appropriate limits of these HJB equations.

Proposition 5.1. Under Assumption there exist A(\) € Ry, o()\,-) € C%(R)
that solve the EBE . Moreover, the derivative @, (X, -) is bounded (w.r.t. y), and
so this solution also satisfies the regularity Assumptions and [543 In particular,
A(N) coincides with the growth rate A(\) of robust expected power utility.

Proof. Fix A < 0 and a stochastic base (2,G, G, R) supporting a one-dimensional
Brownian motion (B;);>¢. Denote by Z)s the set of controls o with values in [—M, M],
M € R, and consider the integral criterion

V™(y,T) :=sup sup J"(n,o,y,T)
neC a€Zy

T
:=sup sup E/ e n(\ 0, YY) — oA a?) dt
SR P [0 (n(X 1, Y7%) — sz ai) di

with discounting rate 7 > 0. Here the expectation is taken with respect to R, and for
fixed controls n € C, a € Zj; the dynamics of Y¥ "¢ follows the SDE

dY;y’n’a = [’I’)’L()\7 Nt }/tyﬂha) + Oét] dt + Hp” ch Yoy,n,a =.

A standard verification argument shows that the value function V7 is given by the
unique classical solution of the HJB equation

TV Vi = HolPVay + sup {0V, = s’} +sup{n(hn) + V(. )} 91
al< n
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with initial condition V'(-,0) = 0. Here existence and uniqueness of the solution is
guaranteed by Theorem IV.4.3 and Remark IV.4.1 in Fleming and Soner [II]. More
precisely, the verification result can be obtained in analogy to the proof of Lemma
IV.3.1 in [II]; cf. [I1], Remark IV.3.3.

In order to construct a solution to the ergodic Bellman equation we are going
to analyze the asymptotics of V7 (y,T), first for T' | oo and then for 7 | 0.

1) As a first step we prove the existence of constants K7 (\), Ko(\) > 0 such that the
following estimates are satisfied for all y € R and all T, 7, M > O:

—Ki(\) <7V7(y,T) <0 (92a)

KN = iy M)e T S V(Y. T) <0 (92b)
T Ko (A

Vi (y, T)| < 525 (92¢)

Since n < 0, the upper bound in ([92a)) is obvious. With K () := sup,cg ,er (A, 7,9))]
the lower bound follows from

T T
TV (y,T) > 7 sup E[/ e TH=Ki(\) — W&f) dt] = 7K1()\)7’/ e T dt.
a€EZ N 0 0

In order to prove (92b)), observe first that V7 (y,T + ) < V7 (T,y), T,d > 0, due
to the fact that n < 0. Thus the map T — V7 (y,T) is decreasing, and this yields
the upper bound in . To derive the lower bound, we take €,6 > 0 and choose
processes 7] € C, @ € Zps such that V7 (y,T) — ed < J™ (7, &, y,T). This yields

VT(y7T+ 6) - VT(y7T) + €6 > ‘]T(ﬁaa7y7T+ 5) - JT(ﬁv aayaT)

T4 -
= E[/T e (n(\ T, YY) = ety i) dt]

T+6
> (le(/\)fWMQ)/T e Thdt.

Dividing by ¢ and letting €, § tend to zero we obtain the lower bound in .

It remains to verify (92d). To this end, take z,y € R (w.lL.o.g. V7 (z,T) >
V7 (y,T)) and choose for arbitrary € € (0, V7 (x,T)=V7(y,T)) controls i € C, & € Zps
such that V7 (2, T) — e < J™ (1, @, z,T). Then we get

‘VT({E,T) - VT(yﬂT) - 6| < JT(ﬁ,&,x,T) - JT(ﬁv avyaT)

T ~ o~ ~ o~
ol / €T (0 Tl YETF) — (A, 7, Y T5)) d).
0

Note now that K2(\) := sup,cg ,er 7y (X 7, y)| < 00, since the derivatives 0, r, are
bounded and I' is a compact set. The mean value theorem yields

()\,ﬁ,x)—n()\,ﬁ,y) SKQ()‘)‘m_yL xay€R~

3

Writing Y? := Y*7% z € R, we thus see that
T
V7 (@, T) — V7 (y.T) — e < E| / TGN YE — Y| di]
0

k() / TR — YY) dt (93)
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Let us next derive bounds for E[|Y,* —Y}”|]. It&’s formula applied to (V;* —Y,Y)? yields

t

BIY? =Y = (z—y)*+ 2E[/ (Y =Y (m(A, 7, YS7) = m(A, 15, YY) ds]. (94)

0
Moreover, the mean value theorem and Assumption [5.1] ensure that
(Y = Y) (m(\ e, Vi) = m(A 7, YY) < KAV = Y)2
In view of this implies
B[(YF ~ V7)) < (& - ) — 2K (A / BI(Y? - Y2)?)ds,
and so a Gronwall type argument yields the bound
ElYF —YY|2 < E[(Y® —=Y¥)Y] < e 2KV — g2 for all t > 0. (95)

Inserting into it now follows that

VT(,T) = V(5 T) — € < Ka(X |x—y|/ RO gy < Ky g,

Letting € tend to zero in the latter inequality, we conclude that

T — iy V(@ TV (y,T)| Ka(\)
|Vy (y,T)\—il_rg [z—yl = < K2()

Thus we have shown (92c).

2) Now we are ready to sketch the construction of a solution to by taking the
limits 7' T oo and 7 | 0. In view of (92c)) there exists M* such that the solution V7
of the HJB equation does not depend on M for M > M*, i.e., V™ satisfies

TV Vi = HlpIPV, + sup{aV — e’} +suptn(ha ) + ¥y mOn, )
= LIy, + %(ﬁ(A)V) +s1€ug{n<x ) + Vo) (96)
n

The estimate (92b)) ensures that

eT(\y) = ThTrgoV (y,T)

exists pointwise and that V7 (y,T) vanishes as T' T oo. Standard estimates for PDE’s
show that ¢7(,-) € C?(R) and that it satisfies the steady-state form of :

7" = zlpl ey, + (ﬁ(A)%)QJrSlelIF){n(A,nu)+<P;m(/\,n,-)}- (97)
n

In particular, ¢7 (A, -) fulfills the steady-state versions of and . By ,
the family of functions ¢7(\,-) — ¢7 (A, yo) defined for some fixed reference point
yo € R, 7 > 0, is equicontinuous on compact sets in R. Moreover, 77 (A, yo) is
uniformly bounded among all 7, due to . Using the Arzela-Ascoli theorem, we
find a subsequence 7, — 0 as r | co such that 7,¢0™ (X, o) tends to a limit A(\) <0
and such that o™ (X, ) — ™ (\,yo) converges to a limiting function (A, -) uniformly
on compact sets. In particular, the left-hand side in has the limiting behavior

Tr(pTT()‘a y) = Tr [SDTT ()‘7 y) - (pTT(Aa yO)] + 7-7‘(107—7‘()" yO) - ]\()‘) ER_ asr T oo
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for all y € R. Moreover, standard estimates for differential equations show that

©(A,-) € C*(R) and that the pair (A()\), (X)) indeed satisfies . Finally the
mean value theorem and the uniform bound |47 (A, y)| < K2(\)/K()) imply

[P\ 2) — ()] = lim 7 (A, ) — @™ (A y)| < REF | — o],

Dividing by |z — y| and letting = tend to y shows that ¢, (X, y)| < II?(()\)‘)).

3) It remains to show that the solution (A()),@(),-)) is regular in the sense of As-
sumption and Since ¢, (A, ) is bounded, Assumption [3.1fa) holds obviously
and b) follows immediately from (88). Moreover, the function (A, ) grows at most
linearly, i.e., [¢(\, y)| < K(1+ |y|). This yields the bounds

Eﬁn [eK(1+|YT‘)] > Eﬁn [eiw()\’YT)] > exp(fK(l + EﬁnHYTH))v

due to Jensen’s inequality. Since b) is satisfied, [24], Lemma 8.2, already shows that
Eg,[exp(K|Yr|)] and Eg,[|Yr|] are bounded uniformly among all processes n € C
and maturities T > 0. Thus c¢) follows. Assumption is verified by the same
arguments. O

6 Outlook

This paper develops a duality approach to the asymptotic minimization of robust
downside risk, formulated as a “robust” large deviations control problem. The dual
problem corresponds to analyzing the asymptotics of robust expected power utility.
Here the solution is related to specific solutions of ergodic Bellman equations. Future
research should study the existence and the properties of these solutions more rigor-
ously. As in [29], one should consider instead of L™ more generally £ In(X7/Ir) for
an index process I of diffusion type. In that case, duality methods to robust utility
maximization are no longer applicable to tackle the dual problem. The extended dual
problem will lead to a stochastic differential game on an infinite time horizon.
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